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Abstract: In this paper, we establish a new theory of calculus. Based on Riemann-Stieltjes integral, a new definition
of derivative is obtained, and we study some important properties of this new calculus, such as product rule, quotient
rule, chain rule, and fundamental theorem of calculus. In fact, our results are extensions of the results of ordinary
calculus.
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I. INTRODUCTION

In mathematics, the Riemann-Stieltjes integral is a generalization of the Riemann integral, named after Bernhard Riemann
and Thomas Joannes Stieltjes. The integral was first defined by Stielges in 1894 [1]. It is an instructive and practical
forerunner of the Lebesgue integral and a valuable tool for unifying equivalent forms of statistical theorems applicable to
discrete and continuous probability.

The Riemann-Stieltjes integral appears in the original formulation of F. Riesz's theorem, which represents the dual space of
the Banach space C[a, b] of continuous functions in an interval [a, b] as Riemann-Stieltjes integrals of functions of bounded
variation. Later, that theorem was reformulated in terms of a measure. The Riemann-Stieltjes integral also appears in the
formulation of the spectral theorem for (non-compact) self-adjoint (or more generally, normal) operators in a Hilbert space.
In this theorem, the integral is considered with respect to a spectral family of projections [2].

Based on the Riemann-Stieltjes integral, this paper obtains a new definition of derivative, and establishes a new theory of
calculus. In addition, we also studied some important properties of this new calculus, such as product rule, quotient rule,
chain rule, and fundamental theorem of calculus. In fact, our results are generalizations of the results in classical calculus.
The theory of Riemann-Stieltjes integral can be referred to [3-4]. For books on the theory of calculus, we can refer to [5-6].

I1. PRELIMINARIES
Firstly, let's review the definition of Riemann-Stieltjes integral.

Definition 2.1: Let f, g: [a, b] = R. If the limit
li”rEO k=1 (&) (g(xk) - g(xk—l))

lla

exists, where A= {a = x, < x; < - < x,, = b} isapartition of the interval [a, b], &, € [xx_1, xx], Axy = x;, — x,_4, and
1Al = fnax {Ax,}. Then it is called the Riemann-Stieltjes integral of f with respect to g over [a, b]. We denote that
=1,-m

lim Y7, £ (900) — 9(xn)) = fo f (0dg(x) = [ f dg, @

l1All—0

and denote that f € R(g, [a, b]). In particular, if (x) = x , then fabf dg = fabfdx , which is the Riemann integral of f
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on [a, b].
In the following, we introduce a new definition of derivative based on Riemann-Stieltjes integral.

Definition 2.2: If x, € (a, b) and f(x), g(x) are functions defined on (a, b). If the limit

. fx)-f(xo)
xp 9()~g(xo) @
exists, then we say that f is differentiable with respect to g at x,. If f(x) are differentiable with respect to g at all x €
(a, b), the we say f is a differentiable function with respect to g on (a, b), and denoted by f € D(g, (a, b)). Moreover, the
derivative of f(x) with respect to g at x, is denoted by

fy '(x0) = ——f(x) im L&) @3)

ag(x) x=xo X% 9()=g(x0) '

And we know that if g(x) = x, then f; "(x,) = f’(x,), which is the usual derivative of f(x) at x,. On the other hand, we
define

dpP

fg(p)(xO) = dg(x)P f(x)|x:x0 = (dgd(x)) (dgix)) (dgd(x)) f(X)|x=x0 ! (4)

the p-th order derivative of f(x) with respect to g at x,, where p is a positive integer.

Theorem 2.3 (Mean Value Theorem for Integrals): If g is a monotone increasing function on [a, b], f is a continuous
function on [a, b], then there is ¢ € [a, b] such that

[} f ()dg(x) = f(©)lg(b) - g(@)]. ©®)

Proof We may assume that g(b) # g(a). Since f is a continuous function on [a, b], it follows that f have a maximum
value M and a minimum value m on [a, b]. Since g is monotone increasing on [a, b], we have

[imdg(x) < [ f (0)dg(x) < [ Mdg(x). (6)
That is,
m[g(b) —g(a)] < f;f(x)dg(x) < M[g(b) — g(a)] . (7)
Therefore,
P F0)dgx)
= g(b)-g(a) =M. ®)
12 £ (x)dg(x)

Since f is a continuous function on [a, b], there is ¢ € [a, b] such that = f(c), and hence the desired result

holds.

gb)-g(a)

I11. MAIN RESULTS

In this section, we obtain some important properties of this new calculus.

Proposition 3.1: Let A, C be real numbers, If f, g, h: [a, b] - R and f, h are differentiable with respect to g at x, € (a, b),
then

(f + B)g'(x0) = fy "(x0) + hy "(xo), 9)

(f =g (x0) = fy "(x0) = hg "(x0), (10)

(Af)g’ (x0) = Afy "(x0), 1)
(©),' = 0. (12)

Theorem 3.2: If g is continuous at x,, and f is differentiable with respect to g at x, , then f is continuous at x.
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Proof Since lim [£(x) — f(x)] = lim LEZLED . Jim [g(x) — g(xo)] = f, "(xo) -0 =0, it follows that f is
X—Xg

x-x9 9(X)—g(x0) x-x¢

continuous at x,. g.e.d.

Theorem 3.3 (Product Rule for this New Derivative): If g is continuous at x,, and f, h are differentiable with respect to
g at x,, then f - h is differentiable with respect to g at x, , and

(f - h)g'(x0) = fg "(x0) - h(x0) + f (x0) * hg "(xo). (13)

Proof Since g is continuous at x, , it follows from Theorem 3.2 that h are continuous at x,, and

lim f(x)h(x)=f (x0)-h(x0)
X—-Xg g(x)—g(xo)

(f ' h)g’(xﬂ)

- 1 [f ) =f (xo)]-h () +£ (x0):[R(x)—h(x0)]
= 11m
X—Xg g(x)—g(xo)

= lim L9700 i p(x) + f(x,) - lim 2210
0

x-x9 9(¥)—g(X0) x-x x-x0 9(x)—g(x0)
= fg "(x0)  h(xp) + f(x0) hg "(%xo). g.e.d.
Remark 3.4: It is easy to see that in Theorem 3.3, the condition ' g is continuous at x," can be replaced by 'function f or h
is continuous at x,’".

Theorem 3.5 (Quotient Rule): If function h is continuous at x,, h(x,) # 0, and f, h are differentiable with respect to g at
f(x0)
h(xo)

Xg, then L differentiable with respect to g at , and
h

AN __ fg ‘o) h(xo)—f (x0)hg’(xo)
(h)g (x0) = h2(xo) ' (14)

f) _fxo)

\ > . h(x) ~h(xq)
Proof = = lim ——2
roo (h)g (x0) oy 9(0—9(xo)

f(x)-h(xp)=f(x0)-h(x)
x—-x¢ [9(x)=g(x0)]-h(x)-h(x0)

— lim [f ()= f (xg)]-h(xp) = f (x0)-[h(x)—h (x0)]
xX—Xg [g(x)=g (xo)]-h(x)-h(x0)

= lim 1 lim U&)-fxe)]  f(xo) | im 1 lim [R(x)=h(xg)]
x>x RX)  x->x0 [g(X)=g(x0)]  h(xp) x—>x0 h(X) x—>x0 [9(X)=g(x0)]

_ 1 ) R ACY
= oo (0) =120 he "(%0)

__ fg '(x0)h(xo)—f(x0)hg’(x0)
- h?(x0)

g.e.d.

Theorem 3.6 (Leibniz Rule): If p is a positive integer, function g is continuous at x,, and f, h are p times differentiable
with respect to g at x,, then

(0™ 00 = B () £ Cro) - By PP o). (15)

Where (Z) =_r

T ki(p-k)!
Proof We use induction. The case p = 1 is the product rule. Assume that the case p = m holds, i.e.,
(f g™ (o) = Zito () £ Gc0) - 1y ™ (o). (16)
Then
(1™ (xo)
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- % [(F - 1,7 Cxo)
= =20 () £ 1™ (o)
= [ () LA 780 4 100y 9] ()

_ [ 7(":0 (lel) g(k+1) . hg(m—k) + Z?:o (TI?) g(k) i hg(m—k+1)] (xo)

+1 1 /m k+1 -k 0 m k -k
7 g @ 4 TR () A g™ 0™ i () g ™) (o)

ol
— [f;O) . hg(m+1) +ym (kril 1) fg(k) .hg(m—k+1) +ym (7]?) fg(k) 'hg(m_k+1)+fg(m+1) .hg(o)] (o)
=

0 m+ 1\ - 1
f; ). hg(m+1) + Z;{nzl( . )fg( ) 'hg(m k+1)_|_fg(m+ ) .hg(O)] (x0)

+1 -
=3 (M) £ o) - g™ o).

Thus, the case p = m + 1 holds. By induction, the desired result holds. g.e.d.

Theorem 3.7 (Chain Rule): If the function h is continuous at x,, h is differentiable with respect to g at x,, and f is
differentiable at h(x,), then the composite function f o h is differentiable with respect to g at x,, and

(foh)g'(x0) = f "(h(x0)) - hg " (xo). 17

_ , . f(h))=f (h(x0))
Proof :  (f o h)g'(xo) = lim == E0="0 %

= lim F(r&)-f(rh(x0)) | lim h(x)=h(x0)

x-xg  h(x)—h(xp) x-xo 9(x)—g(x0)

_ f ()= f (h(xo)) lim h(x)—h(xo)
h(x)-h(xg) h(x)—h(xo) x-x0 9(x)—g(x0)

=f "(h(x0)) - hy ' (x0). g.e.d.

Remark 3.8: In Theorem 3.7, the condition ' h is continuous at x," can be replaced by 'g is continuous at x,".

(since h is continuous at x;)

In the following, we derive the mean value theorem for this new derivative. At first, we need some lemmas.

Theorem 3.9 (Fermat’s Theorem): Suppose that g is a strictly increasing function. If x, is an extreme point of f, and
fg '(xo) exists, then f; "(x) = 0.

. ) N . f()~f(xo)
Proof Since f,; ’(x,) exists, it follows that xll»r;rclog(x)—g(xo)

L7/ ) < jf > X, . It follows that lim L&7/&) 5 On the other hand,
g(x)—g(xo) x-xot 9(xX)—9g(x0)

exists. If x, is a local maximum point of f, that is, f (x,) =

f(x) on some neighbourhood of x,. Then

if x < x,, then L7/ ) 5 0 and hence lim_ L& > o Therefore, lim L&Y — o Thys, fg '(xo) = 0. The
g(x)=9g(xo) x-x0~ 9(*)=9g(xo) x-x9 9(X)—g(x0)
case that x, is a local minimum point of f can be proved in the same way. g.e.d.

Theorem 3.10 (Rolle’s Theorem): Assume that g is a strictly increasing function on [a, b]. If f is continuous on [a, b] and
is differentiable with respect to g on (a, b) and f(a) = f(b), then there exists £ € (a, b) such that f; ’(§) = 0.

Proof Since f iscontinuous on closed interval [a, b], f must have a maximum value M and a minimum value m on [a, b].
If M = m, then f is a constant function, and hence f, '(§) = 0 forall & € (a,b). If M > m, since f(a) = f(b), it follows
that there is & € (a, b) such that f(§) = M or f(¢§) = m. And hence ¢ is an extreme point of f. By Fermat’s theorem,

fe (&) =0. g.ed.
Using Rolle’s theorem, we obtain the following
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Theorem 3.11 (Mean Value Theorem for Derivatives): Let g be a strictly increasing function on [a, b]. If f is continuous
on closed interval [a, b] and differentiable with respect to g on open interval (a, b), then there exists ¢ € (a, b) such that

f®) = F@ = f; ‘©lg®) — (@) (18)
Proof Let
h() = f() = [f(a) + L5 () - g(a)]]. (19)
Since
hy'(0) = fy () — LT (20)
forall x € (a,b). Moreover,
h(a) = (@) - [f(a) + I8 [g(a) - g(a)]] =0, (21)
h(b) = f(b) - [f(a) + LTS (g(b) - g(a)]] =o. (22)
It follows from Rolle’s theorem that there is ¢ € (a, b) suchthat h, ’(§) = 0. And hence,
b -1, @
Therefore,
f®) = F@ = f; "Olg®) — 9@ qed.

Corollary 3.12: Suppose that g is a strictly increasing function on [a, b]. If f is continuous on [a, b]and differentiable with
respect to g on open interval (a, b) such that f; (x) = 0 forall x € (a,b). Then f is a constant function on (a, b).

Proof If f isnota constant function on (a, b), then there exist x,, x, such that
a<x, <x,<b and f(x;) # f(xy). (24)

By mean value theorem for derivative, we obtain

, _ flx2)=f(xq1)
fo €)= 9(x2)-g(x1) (25)

for some ¢ € (xy, x,). Therefore,
fg ') #0, (26)
which is a contradiction.

Corollary 3.13: Suppose that g is a strictly increasing function on [a, b]. If f, h are continuous on [a, b] and differentiable
with respect to g on (a, b) such that f;, ’(x) = hy’(x) for all x € (a,b). Then there is a constant C such that f(x) =
h(x) + C for all x € (a,b).

Proof Since (f —h)y'(x) = f; '(x) — hy’(x) = 0for all x € (a,b), it follows from Corollary 3.12 that there exists a
constant C such that f(x) — h(x) = C for all x € (a, b). Therefore, the desired result holds.

Theorem 3.14: If f, g are differentiable at x,, and g ’(x,) # 0, then f; "(x) :; ((x;))) .
0
FE)~F (o) TR 1 o
, s x)—f(xo — 1 xX—x0 — Xo
Proof fg ') = im oot — AR, TG0 ~ g Gao) | ged
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Theorem 3.15 (Cauchy’s Mean Value Theorem): Assume that g is a strictly increasing function on [a, b]. If f, h are
continuous on [a, b] and differentiable with respect to g on (a, b), h(b) # h(a), and h, ’(x) # 0 for all x € (a, b). Then
there is & € (a, b) such that

f®)-1@) _ f3'© ”
h®)-h@  hy @) @7

Proof Let F(x) = f(x) — 22D (), then

h(b)—h(a)
» — ) f(b)_f(a) )
Fy () = fy "(x) ~ @ Mo (x) . (28)
Since
_ _f)-f(a) | _ f(@h(b)-f(b)h(a)
F(a) = f(@) — 12K () = LOROTORD (29)
_ RIGNION _ f(@h(b)—f(b)h(a)
F(b) = f(b) ~ £0LD. () = LMD (30)
Thus, F(a) = F(b). By Rolle’s theorem, there exists ¢ € (a, b) such that F; ’(£) = 0. Therefore,
, f®-f@ , —
fq (f)—m hy'(€) =0. (31)
Hence, the desired result holds. g.e.d.

Theorem 3.16 (Fundamental Theorem of Calculus): If g is a strictly increasing function on [a, b], and f is continuous
n [a, b], then

MG = f;f (x)dg(x) is differentiable with respect to g on (a, b), and

d
dg(x)

Gy ') = —— [ f (x)dg(x) = f(x) 32)

for all x € (a, b).

(1) If F(x) is continuous on [a, b] and differentiable with respect to g on (a, b) with F; "(x) = f(x) for all x € (a, b),
then

I} f (0)dg(x) = F(b) - F(a). (33)

Proof (I "(x*) = lim 96X
0of (1) Gg "(x™) = lim Z5—2%

_ fi Fayagw~ [ f(wdg(w)
= lim
toxt g)—-gx)

_ JEFandg)
toxt g(D-g ()

= lim Z&W®O-9) (where & € (x,t) by mean value theorem for integrals)

toxt  gO)-g)
= lim £()
= f(x). (34)
Also, we have G, '(x~) = f(x), and hence G, ’(x) = f(x) forall x € (a, b).
(ID)Since F; '(x) = G, "(x) for all x € (a, b), it follows from Corollary 3.13 that
Fx)=G(x)+C (39)
for some constant C. Since F(a) = G(a) + C = C, it follows that
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F(b) = G(b) + F(a). (36)

Therefore,

[} f (0)dg(x) = G(b) = F(b) — F(a). ged.

Remark 3.17: We provide another proof of part (II) of Theorem 3.16 as follows:

If A= {a = x, < x; < -+ < x,,, = b} is any partition of the interval [a, b], Ax;, = x;, — x_, fork =1,---,m, and [|A]| =
Dnax {Ax,}. Then

=1,-,m

F(b) - F(a) = ”11”m Y1 F (o) — Foxge-1)

Zm F(xg)—F(xg-1) [

IAII 0 1) -9 Gy gCa) — g(xpe—1)]

= |£1” OZk 1B (&) - [gCe) — g(xie—1)] (where &, € [x,_q, x,] by mean value theorem for derivatives)

= k=1 (i) - [9(a) — g(xie—1)] (since F; "(x) = f(x) for all x € (a, b))

IIAII 0
= [V f (0)dg(x) . g.e.d.
IV. CONCLUSION

In this paper, we obtain a new definition of derivative based on Riemann-Stieltjes integral. Some important properties of
this new calculus is studied, such as product rule, quotient rule, chain rule, and fundamental theorem of calculus. Moreover,
our results are generalizations of classical calculus results. In the future, we will continue to use this new calculus to solve
the problems in engineering mathematics and ordinary differential equations.
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